Exponential and Logarithmic Functions Lesson #3:
The Exponential Function

Warm-Up #1 | Exponential Growth

Mallory, a medical research scientist, discovered a new bacteria culture which could help
strengthen a person’s immune system. To find the growth rate, she isolated 5 cells of the
culture and observed the following growth pattern:

« after one hour there were 10 cells | M
» after two hours there were 20 cells <| 0 5
« after three hours there were 40 cells | ﬁ‘ﬁ}
2 20
a) Let f represent the time in hours and N(7) represent the number of cells 3 | 40

after ¢ hours. The formula for N(r) as a function of ¢ can be written in the form

N(1) = ab’, where a and b are constants and a.b> 0. Determine the values of @ and b and
write the function. p4 (1,1) 4=5

) ~ 5, \’
D=56" ) _3 N =5-@)

b) Use the formula to determine how many cells thmg were after 8 hours.

N“‘):B (9) - 5(’&56 - 129D cels

¢) After 12 hours there arg 20 48 cells. How many hours did it take to e
have half that amnunt".’U

ZL
double. gp ul lhr 4=5-2 L bl

d) Use a graphing calculator to graph the function. A graph of this type "

represents exponential growth.
wwdow [0,10 l}
Warm-Up #2 | Exponential Decay ) 5
(0,50, 5]

Chernobyl is a city in the former Soviet Union. In April 1986, there was a nuclear accident
and the atmosphere was contaminated with quantities of a type of radioactive iodine. At the
time of the explosion the atmosphere was contaminated with 32 768 units of radioactive
iodine. The following data was recorded for the dissipation of the radioactive iodine:

= after 1 week there was 16 384 units left in the atmosphere
« after 2 weeks there was 8192 units left in the atmosphere
= after 3 weeks there was 4096 units left in the atmosphere

a) Use f to represent the time in weeks and N(r) to represent the number of units of
radioactive iodine after r weeks. Complete the following equation of the function which
represents the information provided.

o ¢ |\t
N(t) = 32768 (—
(1) ) (2.)

b) Use the formula to determine how many units Xmin=-1
N Xmax=8

of radioactive iodine were ]cft)' ter 14 weeks. wselol
N{%: 52763 («(5) = Jumts Ymin=-30000 - -

¢) Use a graphing calculator to graph the function | Ymax=64000
using the Window shown. A graph of this type YSCl:_lOOOO
represent exponential decay. Xres=1
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102 Exponential and Logarithmic Functions Lesson #3:  The Exponential Funetion

Exponential Function

Warm-Up #1 and Warm-Up #2 are examples of exponential functions.
An exponential function is a function whose equation is of the form

’K y =ab* wherea=0,b>0,xeR

_ AR
Warm-Up #3 | Comparing the Graphs y = 2" and y = (—) o
2 \11, ,"2
a) State the values of @ and b for ) A i
. ik
y=2%ndy= ?) \
- /
b) Sketch the graph of the exponential function with \
equation y = 2%, x € I, using the table of values S
and grid. i ™
x |-32)-110 1234
T 1
vzl alald]g ]l
¢) Sketch the graph of the exponential function with
:  J

2

_ 1)’ :
equation y = [—) . x €N, using the table of
values and grid.
x|-3]-2|-1|0]1]2]|3

4
KRB

d) Complete the following chart

Egquation | Domain of Function | Range of Function |x-intercept| y-intercept |Equation(s)
of of Graph | of Graph of
Function Asymptotes

y =2 %I\ZGK?) QL%\\PDMéKE None (o’l> y=0 (xax/5>
},=(§]I ixllei?jg %ﬂ»po)\jeﬁ None (o,;) Y=o (xm5>

¢) Complete the following statements using the words “growth” or “decay”.

* fix) = 2"is an example of a G’rQlA)A:‘.ﬂ function.

1" :
* flx) = (;) is an example of a function.
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Warm-Up #4 | Exploring the Value of b in y = ab”

here a=1

a)

b)

¢)

d)

e)

f)

g)

h)

i)

\\“ \i}

By using a graphing calculator or other technology, skefch the ekponéntial functions with
equation: )
. : SO \
(hy=3" 3° | i)

; [/
(ii) y=10" Jo </

(iii) v = (%)l é>:,
* ‘ ’ U T ) ) 1 t ;
oo (i (A ]

The value of b affects the steepness of the graph as x increases. Complete the following.
- When b > 1, the curve 15€9 more sharply as b increases.
- When 0 < b < 1, the curve FOL\Lz more sharply as b decreases. ) 7
. . . i !
Without using a graphing calculator, make a sketch of the graphs of:
i) y=5 ii) y = (02"

Verify the solution in ¢) using a graphing calculator

State the x-intercept for each of the graphs of the form y = 5",

NOM

State the y-intercept for each of the graphs of the form y = b*.

(0,1) ooty

State the domain for each of the graphs of the form y = b".

Lalaer?

State the range for each of the graphs of the form y = b™.
?,“) ly>o, Y 6"2%

State the equation of the horizontal asymptote for each of the graphs of the form v = b™.

\5:0 X axd

S
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Warm-Up #5 | Exploring the Value of a in y = ab* .

Consider the following functions with
equations of the form y = ab™

i) y=3'
i) y=(2)3" __
iii)y = (5)3* —

iv)y=(0.5)3" -

Y=

_-
-
4
4
—+
£
1

a) Graph the functions using a
graphing calculator. Sketch the
graphs on the grid .

b) Complete the following table for these equations of the form y = ab™.

yAp | v=@3 | y=()3 | y=(05)3
‘ L 5 5
Value of b 3 3 2 3
y-intercept of the graph | x 5 .5

Value of a

¢) What is the effect on the graph of changing the value of a?
Wt =4

d) If flx) = 3", write the following in terms of the function f.

i)y =(3‘> i) v=(2)3" i) y=(5)3" iv) v =(0.5)3"
y= Pz) Yo 28lz) y=5(P) \3:(.5)(3@

¢) Which transformations are associated with d): ii), iii), iv).
I ezpund verk oy facor o2
i egpand ert Py Daclor of5
i eompes vert pw! fuclor 005

f) What is the effect of the parameter a on the graph of y = ab*

Vechod slrelch oy Niclor o

g) State the y-intercept for each of the graphs of the form y = ab™.
(o,
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Characteristics of the Graph of the Exponential Function f(x) = ab*

The following summarizes the basic characteristics of the graph of the exponential function %7

with equation y = ab™.
Use the information from the previous Warm-Ups to complete the following.

* The y-intercept is Q). * There is _No_x—intemept.
* The x-axis is a y\(‘l‘l?ﬁv\’l-k( b5

* The domain is i A ) Zé’l}w

* The range is ?"3 \(A}>O ; ljé]?%

* Fora>0,
- when b> 1, the function represents a C’(O\)¥L} function.
- when 04 b< | , the function represents a decay function .

* The value of b affects the steepness of the graph as x increases.
- when b> 1, the curve _ 19 sharply as b increases.
- when 0 < b < 1, the curve sharply as b decreases.

* The value of a affects the vertical stretch of the graph, namely:
- when a> 1, the stretchisan _ &

- when 0 < a < 1, the stretch is a ggmrm 35101
- when a <0, there is also a veb CC“W\ ONn Y KIS

Class Ex. #1

Describe how the graph of the second function compares to the graph of the first function.
i‘? g J o 4'1. b ) = 2'1- v
S0 R (L) 7
dL_fa- . 7\ 3 A\
7 y =204 2 yrar=2® -4 y=Z2" 7 4

\)er'\' eap b\) Daclor o2 hor 1> blﬁ o.(.‘aclbr ¢S5 (b:lf>

Lo He right Verk Vean b down
hor Jeans & 3 cellechon op Jhe x-axis

Class Ex. #2

e
£h

l X
Explain using transformations why the graph of v = [5) is a reflection in the y-axis
_ o
of the graph of y = 3%, (j :?) ‘j 6"9(' a ‘3 _ l X

Complete Assignment Questions #1 - 48
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Assignment

1. State the x and y-intercepts for the graphs of the following:

a) flx)=2" b) fix)=(2)10°

0 f =49 a) 3=[—i](§]

2. a) State the domain and range of the function fix) = ab*, a, b>0,x € N.

b) Which of the following transformations applied to the graph of y = ab™, a, b> 0, x €N,
would result in a change to the domain of the function?

i) horizontal expansion
iv) reflection in the x-axis

vii) reciprocal transformation

ii) vertical compression

v) reflection in the y-axis

iii) horizontal translation
vi) reflection in the line y = x

viii) absolute value transformation.

¢) Which of the above transformations applied to the graph of y =ab™, a, b>0,x €N,

s

Copyright @ by Absolute Value Publications.

would result in a change to the range of the function?

The graph of the exponential function with YA
equation y = b" is shown.

a) Write down the equation of the function

after y = b" is reflected in the y-axis.
Sketch this transformation on the grid.

b) Write down the equation of the function after a

=‘__,,,/

reciprocal transformation of y = b".
Sketch this transformation on the grid.

¢) What do you notice? Explain algebraically.

d) Would your observations in ¢) be the same if the original function had

equation y = ab*,a = 1?7 Explain.

Y=
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4. The graph of the exponential function with equation y = 4" is shown.

a)

b)

c)
d)

f)

g)

h)

Copyright @ by Absolute Value Publications.

y A

e

$

o

=N

K|
K

Y

Use the graph to estimate, to one decimal place, the solution to the equation 4* = 12.

Use a graphing calculator to determine, to one decimal place, the solution to the
equation 4% = 12,

: o : 1)
On the grid sketch the graph of the function with equation v = (Z) .

Without using the grid or a graphing calculator, state the solution to

=

‘ l X
the equation (Z) =12.

Use transformations to sketch the graph of v = [

State the domain and range of the function f{x) = b* ="+ k.

1
4
State the domain and range of the function f(x) = (

State the equation of the horizontal asymptote of the graph of the
function fix)=b"""+k

107
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q

e

0.

Multiple I8
Choice

umerical

Response >

Describe how the graph of the second function compares to the graph of the first function.
a) y= 10" b) y=2" ¢) y=06" d) y=a"

LV [ o
] = = — ] = - T= | — ] = 2
y=10 3 3 5[2) y [6) y=a

The graph of fix) = b* is shown. Skctchf[(_‘(}.

a) State the domain and range of fix).

b) State the domain and range of /' (x).

A
¥=

¢) State the asymptotes for y = flx) and y = f(x).

d) Write the equation for the inverse function in the form
x=f{y) and try to solve for yv. Explain what happens.

Which equation represents an exponential function?
3% - 2

2

A, y=2t B. y=(=3) C. y=

.w|—
o

Which equation determines an asymptote of y=3* "2 + 1?

A, y=3 B. y=2 C. y=1 D. y=-1

l
The graph of g(x) = I0) is shown. If fix) is an

exponential function with equation y = ab*,abh >0
the value of @ to one decimal place is:

v=
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Answer Key
1. a) a-intercept: none b) x-intercept: none ¢} x-intercept: none d) x-intercept: none
1
y-intercept: | y-intercept: 2 y-intercept: 1 y-intercept: -

2. a) Domain: x€MR Range: {y|y>0,yE R} b) wvi ¢) v, vi
3 } ,_b.\' .‘} k_‘ h_’ }'=b_" .
o a) v= | Jda) sketcl m‘_} y=h

b}y y=— 3b) sketch — Y=o

b.\'
S o ; 1
¢} identical since b = —
b.\.’
; = - il

d) Nosince ab™ = — l '
4. a) 1.8 b) L8

c)

d)

e)

4

) Domain: x &R Range: {y|y>-4,yER}

g) Domain: x R Range: {y|y>k,yE N} h) v=k
5. a) reflection in the y-axis, and a vertical translation 3 units down.

b) reflection in the y-axis, and a vertical expansion by a factor of 5

¢) identical d) horizontal expansion by a factor of 2 about the y-axis
6. a) Domain: x&€ R Range: {y|y>0,y€MN} b)) Domain: {x|x>0,xE MR} Range: yE N

¢) fory=fix) the asymptote is y=0  fory=f ](.ﬂ the asymptote is x =0

d) x=#kY don’t know how to solve for v until the next lesson
7. C 8. C 9. 02
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