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Trigonometry - Functions and Graphs Lesson #2:

Reference Angles and the CAST Rule
Warm-Up #1

a) Use a calculator to find the value of sin 30° and sin 150° and compare the answers.

h) Compare the value of cos 40° and cos 1407 (to four decimal places).

* To show why the above answers are the same.
we will construct and analyze the graphs of
y=sinx and y=cosx from0° to 360°.

e Use the following mode and window settings.

Warm-Up #2

a) Sketch the graph of y =sinx, 0° =x <360°,

on the grid.

b) Use the trace feature to complete the table below to

four decimal places where necessary.

Press

Trace

then press

Ent.er

,enter the value of x.

to find the value of y.

(1l T OO
Emin=a —
ANEE=Sod -
Asc =34
Ymin=2 -
YWriEm=2 .
Weol=1
mras=10

Exploring tire Graph of y = sin x

©

0

90° T8O\ 270 ¢ 0=

(angle in degrees)

{sine ratio)

X ¥ Ly ¥
{angle in degrees) {sine ratio) (angle in degrees) (sine ratio)

0° 0 120° D.ﬁlpb 0
%0° 0.5 135° b 160]
45° 0. 107! 150° 0.5

60° h.gLbD 180° 0

90° \

x ¥ X

{angle in degrees)

y
(sine ratio)

210° -05 300° ~0.2bb)
& ~0.]t) 315" — 061
240° 0. 330° 055
270° - 360° 0
¢) Without using a calculator, state two angles (not in the table) which have:
i) the same positive value for the sine ratio. 40 and 140
ii) the same negative value for the sine ratio.  {d ol Hid

Graphing primary and secondary trigonometric functions will be studied in more detail later

on in this unit.
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232 Trigonometry - Functions and Graphs Lesson #2:

Reference Angles & the CAST Rule

Reference Angles

In order to investigate pairs of angles with identical trigonometric ratios, we introduce the
concept of a reference angle. A reference angle is the acute angle formed between the
terminal arm of the rotation angle and the x-axis.

In each case, sketch the rotation angle and state the reference angle.

L

a) 120° [{0 -130 b) 243° 243 -130 ¢) 337° 2,0 -3%7 = 23°
90° a0° o0°
= e w03
180° (For 180° (For 180° (For
3n0° 3607 36l
270° 270° 270°
d) 70° 70-0 e) —203°  -2.0%4R0 f) S37° 637 "
Ly B 90° -1 90° - %60
W 17 20
180" (For 180° (For 180 (For M%L: 30
3607 360° 360°
270° 270° 270°
[ Class Ex. #2 | Determine the positive rotation Reference Quadrant Sketch Rotation
= angie._\‘. 0% = x < 3607, given the Angle Angle
reference angle and the quadrant.
o-25
25 2
\55°
66
60" 4 i
% o
e 3 1o+
i
300 | f 0t
=% b
90* between ior%o
Jand 4 an’

Complete Assignment Question #1 - #4
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Trigonometry - Functions and Graphs Lesson #2: Reference Angles & the CAST Rule 233

Warm-Up #3 | Determining the Sign of a Trigonometric Ratio

a) In each quadrant draw the rotation angle 0 in standard position.

b) Complete the chart to determine the sign of each ratio.
Use sin @ in Quadrant 1 as an example.

Quadrant 2 4 Quadrant 1
3 9 + A . ¥ ¥
sinfl= 4 - + S smf==— __ 4
Nt Eo|*
cosf =_?_L . L yj 4 g v cost = }_ i' L
ro+ rir
+ ¥
lttﬂﬁ=_ﬁ R limH:i -+
3= T
- >
Quadrant 3 Quadrant 4
sinfl= -~ — — sim‘)=—,‘1 - -
T rjlx
1L = 1 +
gosf=— |~ cosf == — +
T r|+
tanf == — + lzm{J:J' E T
A ik
A\
¢) Complete the following statements using the results from a).
i)  Sine ratios have positive values in quadrants _ \_, and _ ,A .
ii) Cosine ratios have positive values in quadrants l and 4
iii) Tangent ratios have positive values in quadrants l cand _ > i
iv) Sine ratios have negative values in quadrants _ ~band__ 4 .
v)  Cosine ratios have negative values in quadrants & and % =
vi) Tangent ratios have negative values in quadrants A and 4 .
CAST Rule
The results can be memorized by: Sinefatin W i
g positive positive
= the CAST rule or

* by remembering to *Add Sugar To Coffee”

Tangent ratio Cosine ratio
The reciprocal trigonometric ratios follow the positive positive
same framework as their corresponding primary ratio.
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234 Trigonometry - Functions and Graphs Lesson #2:  Reference Angles & the CAST Rule

@ The trigonometric ratios of any angle can be written as the same function of
a positive acute angle called the reference angle with the sign of the ratio being
determined by the CAST rule.

Class Ex. #3 Rewrite as the same trigonometric function of a positive acute angle.

b
a) sin 140°  _ 4<yyp b) tan 323° - _~\-An‘5‘1° ¢) cos 235 = — (69 55

> & S i S| #
It & 9o
31° @
Tl T . T ¢
d) sin(-105)° e) sec 358° — L f) cot 107° _J_ - 'CU\' 730
.S’ poows® e

0
\ 7

T Q)

Complete Assignment Questions #5 - #8

+5el A

Assignment

1. Use a graphing calculator with the settings for Warm-Up #1
to answer the following.

P ot i F v o= 0 ¥ Q AL +
a) Sketch the graph of y =cos x,0° = x = 360°, 0 R
on the grid.
=)
b) Complete the table to - P * ¥
four decimal p]‘dCCS (angle in degrees) (cosine ratio) {angle in degrecs {cosine ratio)
where necessary. o 1207
30° 135°
45° 15P
60 1 80°
90"
x v x ¥
{angle in degrees) (cosine ratio) (angle in degrees) {cosine rati|
¢) Without using a 210° 300°
calculator, state two 2759 315°
angles (not in the table) Ta0° 330°
which have: 700 3007

i) the same positive value for the cosine ratio.

ii) the same negative value for the cosine ratio.
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Trigonometry - Functions and Graphs Lesson #2: Reference Angles & the CAST Rule 235

2. Use a graphing calculator in degree mode with

; : A :
window setting x: [0, 360,45] and y: [ -10, 10, 1] :
to answer the following. !
« L":- . "=',".0 X 3 C‘ YR T TR ST T TR T SR T T
a) Sketch the graph of y = tan.x 0° =x =360 0 e T e
on the gnd.
_i 3
b) Complete the table to x ¥ x y
four decimal p]ilL"CS tangle in degrees) flan ratio) (angle in degrees) (tan ratio)
where necessary. 0 90 01°
ane 91°
45° 035°
T5° 105°
R3° 1207
89° 135°
¢) State the equations of 89.99° 150°
the asymptotes of the 90° 1807
graph of y = tan x,
o - Srya x ¥ " § ¥
F=x= 36“ t (angle in degrees) (tan ratio) (angle in degrees) (tan ratio}
200° 27001°
27 2712
205° 775
255° 385°
265° 300°
260° 315°
260 997 330°
270° 360°

d) Without using a calculator, state two angles (not in the table) which have:
i) the same positive value for the tangent ratio.

ii) the same negative value for the tangent ratio.

3. Find the reference angle for the following rotation angles.

a) 135° b) 296° c) 237 d) 25°
e) —245° f) 820° g) 180° h) -270°
i) (r Jj) o k) 270° 1) 360°
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236 Tid gonometry - Functions and Graphs Lesson #2:  Reference Angles & the CAST Rule

4. Complete the following tables given the reference angle and the quadrant.

Reference o i Rotation Reference it St Rotation
Angle Quadrant Sketch Angle Angle Quadrant Sketch Angle
30° 2 30° 1
45° Rl 30° 4
60° 1 4° 3
2y 3 89° 2
150 4 0° between
3 Zand 3
360 2 90° between
N 5 | and 2
5. Complete the following statements,

a) Secant ratios have positive values in quadrants and
b) Cosecant ratios have positive values in quadrants _and
¢) Cotangent ratios have positive values in quadrants _and

6. In which quadrant(s) does the terminal arm lie if:

a) sin @ is negative? ¢) csc (and tan 0 are both negative?

b) sec Ois positive? d) cot @ 1is positive and csc 0 is negative?
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Trigonometry - Functions and Graphs Lesson #2: Reference Angles & the CAST Rule 237

7. Rewrite as the same trigonometric function of a positive acute angle.

a) sin 205° b) cot 193° =

¢) sec 107°

d) csc (-380°) =

e) cos4d51°

f) tan (-30°)=

JUTGTICEES. Which of the following is tan (—105°) expressed as the same trigonometric function of a
Choice positive acute angle?

A. tan 255°
B. tan 15°
C. tan 75°
D. —tan 75°
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238 Trigonometry - Functions and Graphs Lesson #2:  Reference Angles & the CAST Rule

Answer Key
1. a) b) ¥ ¥ ¥ f
{angle in degrees) {eosine ratio) langle i degrees) {codne ratio
i [1d 1 1x° -5
h\\\\\ / Gl 08660 135° 07071
457 07071 15 ) B6A0
(" r{'!b = S
=1 " 05 [T ]
e 0
x ¥ X ¥
{angle in degrees) (ensine ratio) fangle in degrees) {eosne ratio)
€) answers may vary 21F —{.Bah6 30 5
i) 70 290 2257 -.7071 3157 07071
ai e o T
i) 130°. 230° 24iF 05 fm D_Re60
7P ] 3607 1
2. a) b} B * ¥
Langle in degroes) Itam ratioy langle in degrees) {tam rathis
. : i ] 001" 57295779
i h a0 05774 o1 —57.2900)
! i 45° 1 95 -11.4301
: t Tat 37321 105”
! B 114301 127
F i 8a° 572900 1357
59997 57295779 1507
o undefined [ETH
¢) x=90°x=270° T ¥ * I
{angle In degrees) (tamn rathiy Jangle in degrees) Atam ratie
2 ) 3640 27001° 5729 577
d) answers may vary Sy il i) R 1Y
. o 2 J 2100 05774 ) =57 25900
iy 70°250 T - — —
i) 130°,310° 55 37321 I
265° 11.4301 300 32
3.8 45° b) & ¢ 5 d B 267 572900 315 1
: 5 ;- 5 : 5 26999 ST29 5779 33" 5774
&4 65 l ) & g @ h) %0 =7 undetned 0 T
iy (r jrooe k) 9@ 1y (r
4.
Reference | = Rotation | | Reference Hodati
Pl Quadreant | Sketch Angle Ange Quadrant|  Sketeh "\"81:“.
= 110 | I —%d’- e
5. a) land4 b)) land2 ¢) land3
o e || | ¢ | ]
6. a) quadrant 3 and 4
o | “A, go" 4 3 ¥ Lo ) e
b} quadrant | and 4
o ¢) quadrant 4
5 ¥ Lose || ¥ 2 —F— 91 d) quadrant 3
. I ]
15 4 # huse vl L _ﬁtsi I8
’ o | between 7
A ® %“ Al %07 | Vand2 4;5' 0
7. a) —sin25° b) cotl13® ¢l -sec 73" d) —sc20® e) —cos89° ) —tan 3°
8. C
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