Trigonometry - Functions and Graphs Lesson 6:
Special Triangles, Exact Values, and the Unit Circle

Introduction

Our objective is to determine exact values for the trigonometric ratios of angles whose

measure is a multiple of 30° (g md] or a multiple of 45° (ZT md].

Warm-up

Diagram |

a) Diagram | shows an angle of 45° in standard position. An y
isosceles triangle is drawn whose equal sides are | unit.
i) Determine the length of the hypotenuse.
‘\1~..|1H1 -1 (‘:rk “‘\‘0\'“\““’ :ﬁ
ii) Use SOHCAHTOA or the x, y, r formulas to complete:
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b) Diagram 2 shows an angle of 60° in standard position, .
An equilateral triangle 1s drawn whose equal sides YA
are 2 units and a vertical altitude is drawn which
divides the equilateral triangle into two congruent
triangles.

Diagram 2

i) Determine the length of the altitude.

1.
Ty el ke :555
ii) Complete :
sin 60° =\ cos 60° = Y tan 60° =
T r
< 6 =L 5
= 2 - 13
¢) Diagram 3 shows an angle of 30° in standard position.
An equilateral triangles is drawn whose equal sides
are 2 units and a horizontal altitude is drawn which
divides the equilateral triangle into two congruent
triangles.
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Diagram 3

i) Complete: =l \\E M
sin 30° = Y cos30°= 1L tan 30° = Y
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Trigonometry - Functions and Graphs Lesson #6: Special Triangles, Exact Values, and the Unit Circle

Special Triangles

The following triangles developed on the previous page occur often in trigonometry

X°

'\-':"’i

However if we consider similar triangles to the above, all with hypotenuse length of one unit,
we would get the following triangles.
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The triangles above are_similar to the ones in the Warm-Up and illustrate the trigonometric
ratios as exact values for angles of 30°, 45° and 60°.

In each diagram the horizontal distance is x, the vertical distance 1s y and the
hypotenuse is r =1,

Finding Exact Primary Trigonometric Values for 0° and 90°
a) Consider a rotation angle of 0°,
Inthiscasex=1.y=0and r=1.

b) Consider a rotation angle of 90°.

[nthis casex=0,y=1land r = |
sin 0° ’)Ir - bll -b sin 90° &r - \1:\
cos0° | Y - "'\ .| cos 90° )‘[( . Y.,
S
tan 0° [ Yy < 3\ -0 tan 90° Yy = L()u“A&AI

¢) Explain why tan 90° is undefined.

bﬁ(ﬁm’s@ \j’i = % \n\},\&\y\g}x Toc dwion \0\3 X0
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Trigonometry - Functions and Graphs Lesson #6: Special Triangles, Exact Values, and the Unit Circle 267

Memorizing The Angles and Ratios of Special T'riangles
Although there are many ways to memorize the angles and ratios of special triangles, we will
discuss two

= by chart or * by the unit circle

Using a Chart for Special Triangles

We can summarize the exact values of trig ratios of 0° (0 rad), 30° [E md) :

45° (E md].(i(]" (% rad] and 90° (;T rad) in the following chart.

4
x in degrees 0° 30° 45° 60° 90°
xin radians 0 < = s z

RN EYNENENE
wr | | % | "k
tan x 0 ‘3}3 \ E ) el

This chart should be memorized.

Determining Exact Values of Trigonometric Ratios Using the Chart

We can use the previous table together with the concept of reference angles and the CAST
rule to determine the exact values of the trigonometric ratios of certain angles in
quadrants 2,3, and 4.

Class Ex.#1 Complete the solution below to find the exact value of :

v Sx i
i a) sin 210° b) cos £ ¢) tan (=135)°
mkt ““bi*bo b= 15T . g %0 -1%% =45°
Solution ® Solution 9 3 T
57 v
A rotation angle of 210° A rotation angle of TT ﬁ’ th ¢
has a reference angle of 30°. has a reference angle of _ ")
In quadrant 3 the sine ratio In quadrant 4 the X(w\ H?’a :—\(mtlf:l
is negative. cosine ratio is PbS\}\\[C.
) S
sin 210° = —sin 30°= _ "% cos :r = SOS’K;): [ yl

Complete Assignment Questions #1 - #3
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268 Triconometry - Functions and Graphs Lesson #6: Special Triangles, Exact Values, and the Unit Circle

Using the Unit Circle for Special

Triangles

An alternative method for determining exact values for trigonometric ratios of angles greater

than 90° is to use the unit circle.

Consider a rotating arm of
length 1 unit on the triangles
developed from the Warm-Up

In each diagram the;
* horizontal distance is x,
« vertical distance is y
* hypotenuse is r = 1.

These triangles can be placed in a circle with a radius of one unit.

180° = srrads (-1.0) -

! : W2
2 iR
i P ]
B B l
2 o 2
90° =T pads .
i n? 60° = rads
0. ¢
. .
45 = rads
gy
272
30" = — rads
v "\I"_i B §]
33
0?2 =10 rads

2 (10

23,

TRl Ny
210° == rads

The circle above, with a radius of one unit, is called the unit circle and is important you

understand how it works.
¥y

o ¥
Recall the formulas sin #= = ,cos = W

r

* In the unit circle, where r = 1, we have:

sin 0 = i”:j

and

or
360° = 2r rads

V X
Jtan f= T.and cot B= 9

cos (J‘:_?_L/l_: L

» Bvery point on the unit circle has coordinates (x, y) which can be written as (cos @, sin 6)

sin 0
cos 7

s tan 0=

s cot =

cos 0
sin @
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Trigonometry - Functions and Graphs Lesson #6: Special Triangles, Exact Values, and the Unit Circle 269

Use the unit circle to find the exact value of all the trigonometric ratios for a rotation angle
of 240°. Give each answer with a rational denominator.

sin 240°= _ 3 cos 240° = _ tan240°= {3 _[3 S A
= g’ 2 ~ 050" Py vano -1 \
cse 240°= -9 ﬁj 23 sec 240° = ) cot240°= | G :F) ,
R IO Comn L0
LS (00 o o3 ~5eLbd | (o (4o w3 3 -7

Use the unit circle to find the exact value of

3;
a) (:-:15—TLr ~ Qo{ﬁ b) tan 600° oun 4D ¢) esedm . |

4
4 5 dan o sy
<l [FS :ﬁ ’ Irs
R —?-

. b : E—
We now have two methods for determining exact values of trigonometric ratios of angles
greater than 90°, Use either method.

Class Ex. #3

-
-

|
'6 (Aho\egm?t}

| Class Ex. 4 Use the chart or unit circle to find the exat,t value of :

T J 5 34 )
a) sec 225° - _L”s b) u]t— S = \ ¢) sin” 3: y :
(08
T - .L ,}
45 T '.J-.xr‘; . f) \
- 4 LR ( L.
A B s > —1— SN ? ﬁ’\ r) ”3 Al
_\_*fr s
%
2 1Y ’?
Al - and B|— ( are two points on the unit circle. If an object rotates
: mun[ert.]nckwme from point A to point Bthrough what angle has it rotated? Answer in
p degrees and in radians. N . ~
IN& I90-45 =139 wvw)}ﬂ 2240-R5 Sx D 7T
‘ —
lprlo 5240 T 05 -
)
b

30 5("00
)
N M \0()“ tse 30° @

7 l /
054 ‘D% °\’

&

b) log, (cse 510°)
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Using Exact Values to Solve Simple Trigonometric Equations

Find the exact value(s) of 6 where
a) cot@=—/3, 0° < 0=<360°

®‘; 19020 = p’
D, 3ub-20 > 5%

Complete Assignment Questions #4 - #15

Assignment

1. Find the exact value of :

a) cos 120°

d) sin (- 30)°

-~

2. Find the exact value of :
a 1 E h ts E
a) sin 3 ) tan 6
i B an? 27
d) sin (_6) e) tan 3

b) tan 300°

.
e) cos™225°

b)

secl=-2,0=0=<2m

Disigo-wo =0 "%

D, = \vorbo = 240°

DOXI 23T WoxT < 4f
L W 3
¢) sin 135°

f) tan 480°

]
Wt
3

f) cos [._5;:]

) cos (—
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Find the exact value of :

a) sec 300° b) (:U[S—.:rr c) csc —5—1
6 3
3m

d) cot930° e) sec Y F) cses5m

Find exact values for each using the unit circle.

a) cos 60° b) sin 90° c) csc% d) cot Z—H
S
e) sec 150° f) tan? ) cse(=330°) h) sec(-135°)
. P n
i) cot 540° i) tan(—?)

Find the coordinates of the point on the unit circle that correspond to each
rotation. Give the coordinates correct to two decimal places where necessary.

a) —270° b) 103° ¢) —16°

The point 7' (—0.8829.0.4695) lies on the unit circle. Determine the value of @ where @1is
the angle made by the positive x-axis and the line passing through 7.

/3 1 1 V3
—~= — | ¥ 2l g ints on the unit circle. If an object
g 5 e and Q 75 | are two points on the unit circle. ]

rotates counterclockwise from point P to point O through what angle has it
rotated? Answer in degrees and in radians.,
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8. Determine the length of the arc on the unit circle which has initial point

: ; 1 /3
A (=1,0) and terminal point B 5= J

2

9. Find the exact value of:

: 8
4m . R
a) log, [C{}[ T] b) 2 sin —==

n=4

10, Find the exact value(s) of @ where 0° < 6 = 360°,

A
a) sinf=1 b) cos 6=-1 c) cot?f =1 e) sec = /‘%
N

11. Find the measure of & where O = 0= 2.
; /3 |
a) sin=——7 b) tan 6=0 ¢) cos O=—5
d) csc B=+/2

¢) cotfl=—1 ) cot @is undefined
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Multiple L&S
Choice

14.

Numerical Ji&H
Response

Trigonometry - Functions and Graphs Lesson #6: Special Triangles, Exact Values, and the Unit Circle273

|
Ifcos 0 = = and 6 is not a first quadrant angle, find the exact values
VoL
of cot 0 and csc 0 .

Correct to the nearest tenth of a radian, the smallest positive root of the equation
tanx++/3 =01is

. T
A. 3
2
B. 3
. 4
{ 3
7
D. =

If the point A(%.—E] lies on the graph of f{x) = sin (x + 7) — d, then the value of 4 is

5
A. 3
3
B. 3
; Al ._Vx'?
. 5
3
L= AL
D. -

The solution to the equation cot 8=—/3 | 180° < < 360°, to the nearest degree,
is__
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Answer Key
1 = V2 | 1 =
1. a) — by —/3 ¢) - d) -— e} — £y ~4/3
2 2 2 2
VE) E) I 1 1
2. a) - b) c) —— d) —— e) 3 Iy =
) 3 2 2 2
5.3 -
3. m) 2 by —/3 c) ; d) /3 e) undefined ) wundefined
1 2¢/3
4; @) = by 1 c) 2 d) -1 e) -
5 3
f) /3 g) 2 hy —i/2 i) undefined i¥ =3
5. a) (0.1) h) (-022,0.97) c) (0.96,-0.28)
i o 2T 5
6. 152 T. 210°or 8. — units
I
9. a) -—— h) 0
2
10, a) oF b) 180° ©) 45°,135°,225°,315°  d) 45°,315°
41 57 2x 4z T 33 37 s
11, & 2 22 5 ooxm @ &2 a E2.2% g =2
373 37 3 4 4 4
12, cot@=-1 csc@=—1/2 13. B 14. B 15. 330

0, x, 27
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