Trigonometry - Functions and Graphs Lesson #9:
Transformations of Trigonometric Functions Part 2

Warm-Up | Introduction

In this lesson we will consider the graphs of the functions whose equations are
v=asinfb(x-c)]+d and y=acos[b(x-c)|+d
and relate them to the graphs of the functions whose equations are y = sin x and y = cos x.

In the first part of the lesson we concentrate on the effects of the parameters ¢ and d.

Class Ex. #1 a) Describe how the graph of the given function compares to the graph of y = sin x,
where x is in degrees

i) vy=sin(x -30°) hoe Veoans W t\cs\\\‘

ii) y=sinx+2 Veek heans L 0}
i) y=sin(+60°) =1 wor Woas @\, leed Yoons \ down

v —45 = gin (x - 45°) ot drads L\S'(‘\(Sh\') \)er\' beon 45 wp
Y = s le-48 )5

@ In trigonometry;
* a horizontal translation is called a horizontal phase shift, and,

s 3 vertical translation is called a vertical displacement.

ciassEx.#2 | Complete the table to describe how the graph of the given function compares to the graph of
£ v =sin.x where x is in radians. Use a graphing calculator if necessary.

Equation Horizontal Phase Shift Vertical Displacement
y=sinx 0 0
y T
y=sin [x = I) /,\\_‘; rw\\w: v\ﬁ‘)\\‘\‘ 0
v=sinx+35 0 5 wnis up
3
v +/f= sin [x + ;J-ﬂ" ETF radwns \&t /“/M\\é down
- i o
y=sin(yx—c)+d L tadiong ‘\\3\\* T wp
y=asin[blx - c)]+d QA‘VA “ns (\\%\(\* (&\u\\\-ﬁ up

Would you expect similar effects on the graph of y = a cos[b(x — ¢)] + d?
Investigate if necessary.
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Effects of cand d in y = asin [b(x = ¢)]+dand y = a cos [b(x = ¢)| + d

Changing the parameter “¢” on the graphs of
y=asin[blx-c¢)|+dand y=a cos [blx —¢)|+d

results in a horizontal phase shift with the following:

* a horizontal phase shift to the right if c> 0
e a horizontal phase shift to the left if ¢ <0

Changing the parameter “d” on the graphs of
y=asin|blx=c)|+dand y=a cos [blx-c)|+d

results in a vertical displacement with the following:

* a vertical displacement up if d >0
* a vertical displacement down if & <0

S g ; Mz Mi
@ The vertical displacement can be determined from a graph using the formula d = M
: Summary of the Effects of the Parameters a, b, c, and d
For y=asin[blx-c)]+d Fory=atanb[(x—c)|+d

y=acos|blx=c)]+d

£ Max — Min \\ (s \\

amplitude - not applicable

amplitude = |a | = 5
: 360° a value represents
period = ; (for degree measure) « a vertical expansion or.
6] e a vertical compression
2
. L = ; (=
period = —— (for radian measure) . !
|&| period = 1] (for degree measure)
7

horizontal phase shift = ¢ T )
i wil period = —— (for radian measure)
* to the right if ¢ >0 |

s to the leftif c <0 ! ;
horizontal phase shift = ¢

vertical displacement = d stothe right tfi¢>0
cupifd>0 * to the leftif e < 0
sdown ifd <0 vertical displacement = d
b Max:—Min s up ifd>0

e = / \_ e down if d <0 /
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Clasy Ex. #3
ol

I Class Ex, #4 |

5]
i ]

£

Class Ex. #5
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Consider equations of the form y = a sin[b(x — ¢)] + d and y = a cos[b(x - ¢)] + d,
where a = |, and b = |. Write the equation which represents;

a) acosine function having a horizontal phase shift of 757 right

\5:» ws \'{:755
b) asine function having a horizontal phase shift of ?:r radians left,
and a vertical displacement 4 units up

. 1+?L‘T>
‘#\\Sm\ 5 )

Find the amplitude, period. horizontal phase shift, and vertical displacement of the graphs of
the following functions defined on x €N,

; 2 | T
a) y=2sin3(x+m)-4 b) y=—§cosz[x—ﬁ)+3
'\ (,MQ\\\llé\Q. }‘w\\\") 0=-2 (A‘Y\Q\\\‘k % wns
3

b=3 ?mot\ l;‘g - l“_.;u&\av

-1 AN ﬁ =T
e W hor PR65R b } Qer\ol‘,\ W 2

: A csds \ Y i} L
At?- "\'t S\\\“ \\ 0 \Qf C‘i‘: \Vt&\(\% s»\t“’ W tdla“s N3)\+
\]ct\\(k\ . \—5 AW”\ L 6
A“’Q\NY\Q\’( Kuw ds3 et g\\sp\u ement 3 ums W

Find the amplitude, period. horizontal phase shift, and vertical displacement of the graphs of
the following functions defined on x € N,

a) y=2sin (3x+m -4 b) _1J=—ons[2x—§)+n

v§: Ao 3l xﬂ‘%}*‘* \\: <005 A (xfljsvl‘\’
v

b=l g L wwy az-| g \unt

b} Qmo& %T b=% R Efg N
Ch’%’ Wer Q‘\‘ S\’(\N T% h\e\* C‘»"% hov p}\ it /LEMA Nﬁh‘l
doef  Vek U5 Kuwd down g ek DS A wnds

¢) Compare the answer to Class Ex. #4a and Class Ex. #5a.

Complete Assignment Questions #1 - #2
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Class Ex. #6 | The graphs from a) - d) represent the same trigonometric function.

a) Write the equation of the graph A
in the form y=a sin (x - ¢) N AL
if @ > 0 and there is a minimum
possible horizontal phase shift. ,' 5
owg 4 e R INA AV ERNE W ORD S
) 7 P
. . ‘\\ M L&W Ind Py
hee g s “—}, \ 3 W Y ‘ﬁ’ NN LA
~~
~ Qsmix-1
y 4omle)
b) Write the equation of the graph .
in the form v =asin (x - ¢) A N
if @ <0 and there is a minimum N / N N
possible horizontal phase shift. N

wd et SINDLAIND Ly
bor fh- ikt ,“:; & C- ”&:.‘3\: 3 :

=

B |l
T

D /
N F NV o | ¥
\_4 N A
Vs < *'\S\Y\\‘L*&T%
3
¢) Write the equation of the graph

in the form v =a cos (x - ¢) ia o

if @ > 0 and there is a minimum N LA [N o TR

possible horizontal phase shift. ; 8

g=d  azt mL »:
\I\V . gh onibt S"{ r\‘fﬂ Czilr

by |ty

- o
b= W tos (X 5,9

d) Write the equation of the graph
in the form y=acos(x -¢) A
if @ < () and there is a minimum N / A
possible horizontal phase shift. s
= 0= -L\ ¥ \
g " - - ’ w

\\« Q\\k‘k N f‘%\e C&:‘lb A /
N L N
- &m% o
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ClassEx.#7 | Consider the graph shown.

i &

a) If the graph represents a sine
tunction where a > (), write the I
equation represented by the
graph.

AL
=~
-

e-(J_,r

‘-1’2) =3
2

"

Amplitude

\ \\ J'!
- BI) 41 - INRY 4
/

|
—

Min Horizontal
Phase Shift %rw\ \e& "l,l f! - 'l\ /
Vertical \H5) | Q fiR I
Displacement ? . t\ : l\
% \\ i \\ ]
Equation W= [} S\ni{\l "E gl -
J \S J — _‘

b) If the graph in a) represents a sine function where a < 0, write the equation represented by
the graph.

ot i = 5,"_.;‘ radh (‘\3\\'\ \\: A e ?\X-%T\} L

¢) If the graph represents a

cosine function where a > 0, & Y
write the equation represented v
by the graph. |
\\ I! \\ i! \‘
Amplitude 3 ﬁ'r 0 by o I 7 2 Az 4;.[ S'F
Period W \1 - "-\ ,f
Min Horizontal |y \ / \ /
Phase Shift %7‘., sidh “‘)“* - SR CN I L1
Vertical \ / \ /
Displacement \’)‘ \ f_ 3 \ f’
AT\ 4 \ \
- . ’ams“a\* ’*3\ 1A \ A \
Equation \’\ - 3 4 \ i \ ]
\ \
bt 3\1? T 'l“\ ¥ 5‘ ||
- v C'-z- ~»
|mod Ur L PS5 wé0 (S k>0

d) If the graph in c) represents a cosine function where a < 0, write the equation represented
by the graph.

. \ R
Q\‘V’t 5\““\)‘ \0 L\% \?.M \5‘: A L;l‘ﬁ“‘,g\\) 2
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classEx#s | Consider the graphs of the functions y=a sin [b(x - ¢)] + d and y = @ cos [b(x - ¢)] + d.
ko

a) Changing which of the parameters a, b, ¢ and d affect the:

i) domain ii) range iii) amplitude iv) period V) zeros
None. MG i b bhed 4ibdio
b) State the maximum and nummum values of the functions in terms of a, b, c,and d, if a > 0.
now A M=o
G v -0\”&

¢) Determine the range of the functlfm y=3sin2(x-m) -

LAV '»7Jl\)-'4 “;‘7 ‘(\[L\WBC 9(!/\\ ~7 é L ] \Semg

mn = A4
Complete Assignment Questions #3 - #12

Assignment

I. Determine the amplitude, period. horizontal phase shift. and the vertical displacement for
each function.

T | T l T
a) }’=cns(x—z)+3 b) v=3cos E(¥—E) ¢) y=3cos 343

7 1
d) y=sin (4x - 71) e) y=-2cos3(x-45)+4 f) y=Tsin [Zr + 2(]“) =1
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2. a) Find the equation of a sine function that has a vertical displacement 3 units up,
a horizontal phase shift of 60° to the left, a period of 210° and an amplitude of 4.

b) Find the equation of a cosine function that has a vertical displacement 5 units down,
2m Sx
a horizontal phase shift of 3 radians to the right, a period of S and an
amplitude of 3.

3. Graphs | and 2 each represent the graphs of trigonometric functions.

a) Assuming a minimum possible phase shift, write the equation of each graph in the form
v=asin[bx—c)|+d if: i) a=0 ii) a<0

vh Graphl YA sraph 2

-

0 \
EJiE

I
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b) Assuming a minimum possible phase shift, write the equation of each graph in the form
y=acos|[b(x-c)|+d if: i) a>0 ii) a<0

vk Graphl YA rEpph2

Ha

I
st
_—

—
T ——
—a

T
=Y

e

1
4
Y=

4. The cosine graph shown has a range -3 =y = 9.The graph has an equation in the form
y=acos [b(x-c¢)]+d.a>0. Determine the equation if the graph has a minimum
possible phase shift.

104

n
I~

T
2

8

1.2/
.
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5. The sine graph shown has a maximum value of 20 and 5
a minimum value of 10. The graph has an equation in A
the form y = a sin [h(x = ¢)] + d with a >0, 0
Determine the equation if the graph has a minimum
possible phase shitt. 10 Ml
L
RE W ik a

6. The graphs shown have an equation in the form y = tan b(x - ¢).
Determine the equation of each graph.

a) Y b) Y
5
7. Determine the range of the functions represented below.
1 3
a) y=2sinx- 2 b) y=3cos ;(_\'—;)+l
l e

€) y=-75 cos dx~m) -3 d) y=asin[b(x-0)]+d
YGTNEES- Which of the following graphs has the 9. Which equation is a tangent function with
Choice same x-intercepts as the graph of y = cos x? period % and a vertical displacement —37?

g

A. y=cosdx A. y=tan 34- 3

B. vy=4cosx B. y=tan3(x-3)

C. y=cosx+4 C. y=tan3x-3

D. y=cos{x+4) D. y=tan6x-3
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10. The equation y = & cos (mmy — ) has a
period and a horizontal phase shift to

the right, respectively, of

A, mandw
B. mand |
C. 2andm
D. 2and |

The period, to the nearest tenth, of the
is .

Numerical |98
Response

11. Which statement concerning

: X
the graph of y = —4 cos 7 + 2

Z

is not correct?

A.  The maximum value is 6,

B. The period is 4.

C. The amplitude is —4

D. The vertical displacement is 2.

function y = sin 0.25x, where x is in radians,

Answer Key
1
amplinade K phase ahi vertical displacement ; 12
oo D i) (g e S 2. a) y=4sin—{x+ 60°)+3
ap i 2 iriglﬂ Fup 7
: §( 2
5 . a g—rig]' o b _1'=]t‘0hg_T-T -5
5 !
o £ Fo & g (Note for a) and b): the value of @ can also be negative)
a3
a i % :—rigi'n 0
i 2 120¢ 45* right Aup
] 7 144i° B ket 1 down
. ; . . by . i) : T
3. a) i) fora>=0, Graph I y= 3sin 2jx + = 1, Graph 2 v =3 sin Z* + = + 4
N Ay y )
" . | 3m
it} fora<0, Graph I y= -3 sin 2x - 1, Graph 2 y= -3 sin ;[1 =ry ] + 4
. a - T ’ l w
b) i) fora=0, Graph | v=3cos2{x+ —| -1, Graph 2 v=3cos e e + 4
\ 4 = \ =
Sy ul i 3n)
ii) fora<0, Graph 1 y=-3cos 2(.1‘ - I) =1, Graph 2 y= -3 cos :{x 1 = +4
I S5x . ;
4. y=06cos —|x - +3 5. y=5sin2(x+ 15°) + 15
2 +
{ )
6. a) y=tan|x+ —) b) y=tan 2x
! 4
7. a) {y| 4sy=0,yER} b) {y| 2=ys4,yER}
7 5
ch _\'1—;5)'5—;.1'&!&‘ d) {v| a+dsvsa+d yER}
8. B 9. € 10.D i, € 12. 251
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