Permutations and Combinations Lesson 6:
Pascal's Triangle and the Binomial Theorem

Warm-LUp #f

Study the tollowmg expansion of (a4 JJ@. where s n = f.

fir + B = |
I.r.r+."r]I = g+ h
fa+hl = a4 E‘{r.|':+.ﬁJ
(e + 807 = 0%+ 32k + Jab? + B
(a4 b = o’ + 4a'b + 62" & dab” & b*
@+ bF = a + 5a*h+ Wa'p" + 10a%6" + Sab™ + b°
o+ 0= "+ 6a%h+ 150%% + 200707 + 150%0% 3 Gab + A"

Yoar may want to do the expansions for vourself o venfy the above resulis.

Properties of the Expansion (a + 6"

Lise the abowve expansions o comphbeie the following:

There are ‘\\'\ terms

The sum of the exponenis of @ and & 0 cach term s n

The exponenis of ()\Q.t.msﬁ term by term fromm s o (.

The exponentsal b WOOSRS  perm by term From O fo i,

The coefficients in cach expansion form 4 %\N%?,)(\‘\Q& ATANZCTOEIL.

Lh s e D —

Werrm-L'p #2

The coethicients in the shove expansion con be put m s tosngokar acay known as
Puscal’ = Triangle (numed after Blase Pascal who developed applicatiors of the tnangle
in the sevecenth oznory )

| .
)l Use Warm-Up #1 i complete the 7 mow | I%'
of Pascol's Triongle, b im0 .
T T |@@
hj Lise the puttem in the triangle o complete | &4 & 4. .1 y
the 8% and 9 row. s 10105 10

L bs ooy 0
1*\1\«.53‘39—1716)
¢) Complete the following expansions: I 4 1% 5L 0 s6 X85\

@ b7 =la” 10 Fal O vasalb’ 356 4 a4 1e + 1Y

q

el WL G 3 28 bR 5Lk £ Dbty Sl w4 22,70 + Fa'b' kLo
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410 Permutatiens el Combaiations Lessan 8 Pascal’ s Trispele and the Sioowial Theorem

Werrm-L'p 3

Compare the combination amay below with Pascal™s Triangle,

o I
|l'.'|| ||;.:| 1 1
T T -
o b Tafp ~aly O R O |
T o S S S O
g e R N R i 1 5 I ms 1
LT LA o 3 w4 L LA I & 15 A 15 0 |
'1(0 ,c‘ "ci ')(3 qca 7C 1cc, 167 ) 2 a8 35 Al )

¢
1o %) 3G (‘s Y4 o tco scv Gl 3 2 56 76 gL avy)

M\ch: n Crt "c r
) Complete the next mow in both tables,

- - ‘;h")»\ < 5(’ + scl))
b1 Pascal derived the following theorem ailm L L
knovwn as Pascal™s Theorem AT S s¢s
Yenfy the theorem foror=5and r= 1.

19 = % )6
The Sum of the Numbers {n the k™ Row of Pascal’s Frigngle.  '5 < %

R"n_- LS = Rs \/
ol

Warm-Lp #d

1 |

||.-'|:| ||.'.'| 1 1 2

A } A0 s

LTI S . o 4

L T T o S = R bleglgp o 5

da L s A AN LI LI LT v
#ln el L1 1 4 s 5 RS | O T T

Complete the table which gives the sum of the numbers in cach of the first six rows of
Pascal’s Triangle,

Fow L 2 |3 & |5 ]85 s

Sum | | (’L 414 W3]

) Complete the following statement:

&
“Thie suas of the numbers in the .!"" iRy ol Pascal s Treangle is a 1 K oW
b Look st row T m the diagrm at the top of the page, This rose bas a sum of o oe
= 4
Using the ahove rule we can seo that "
|Ic';| + |If'1| + fl'::’.: 4 n'{? + |If'.’- . Ilc:‘i + rlc;l - 3h * \o"} a = n 61‘)0'\?}\*
LI S VR . -

B il § w20 Y\ 0 -\ = Y

ﬁ£|-?+n{1|+n£1:+u{‘:"|+ "'+|1{_?|—|+|1{-;|-1“
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Warm-Up &5 | Fie Sum of the Cogfficients i the Expoasion of (o + 0"

Consider the expansion of (g + L.
fa+h) = a+h

e+ BF = g+ 2ab+ h
i+ b = a’ 4+ 3alb + 3k + b°
fa+ b e a®+ da B+ 6Bt + dab? 3 bt
(40T = ot + 5000 + 10670 + 100 8 + Sah® + o7
Complete the tabbe which gives the sum of the coefTicients mocach of the ferst e

expansions of {a + L1",
] | * il I i (L T - ]

sum of coefficients | ) | Y |y [ \of 92| -~ 2®

Cosmplete the following stitement ll 2t 15 9»4 }5

)}
“The sum of the coeMiclents in the expansion of (2 + 5™ is l Q [ ot

ﬁ@ Memorize these results,
* The sum of the numbers in the &' row of Pascal's Trangle = IZ‘L =1 ,

s .'\.':.'II:‘I * ||f'.: T ||{.: * ||':.'.'I * oo ﬂ{-ﬂ = .1{.:1 - :ﬂ

* The sum of the coefficients m the expansion af (@ + &%= 27

PE

Cheas®r ! ) What i= the sum of the numbers inthe kenth row ol Puscal™s Trowngle? RH - llH ;Jq: 512

b Whiit i the sum of the coetlcients in the expansion of (w4 n IE}

| I N a2
o R .

) Whit i the sum ol i =0 4+ 50 + 0 + 00 #5057 a N

Welp of  nois d =1 - 32763
Iy jG + 46 + g0 + -+ 50T 2o,
~ - '\ C

o) ) -G

Commpelete Assignmend Qoestions &1 - #6 a(' _ cfb - GU-\ =B
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Warm-Up 86 | fhscovering the Bismial Thearem

Refermmg to the combinution army and Pascal’s Trangle im Warm-LUip #3, i1 is not just o
coincidence that the combinution symbols pepresent the numbers in Pascal’s Triangle,

To mvestigate this consider the expansion of (v + ¥}"
la+0% = fa+Bla+b) (o + ) e+ dida+ 8 {a+ 8
= a4+ fah+ 15athe 4 20a7B 4 1508 4 fab” 4+ "
Motice that ench ferm m the expansion is o combinador of o' ond B's,
Consider how the third term (fe.1 5007 ) is formed. It is formed by choosing a b from any
twor of the six factors in the expansion of (@ + 51 and ana from the remaining four factors,
The twe b's con be chosen GO for 155 ways
The four a's can then be chosen in O, (or 1) way. This leads to the eim hf:'::r'lbl.
» Write the coefficients in ferms of combimations for the expansion below,
i+ f;]@- dev + B dar + ) L+ OF L+ b da + B o+ B
- la: + 6\:".'1\ + 15a'B7 & :m’;a‘s + |t.~'m!!:4 + @ﬂf ; l”z b('
_ L G o ey Calb v Lty Cap

This leads to the following gencral formuka fior lnomial expansions knofam as
the Binnmial Theoem,

Biremied Theovem

{ar + )" = ﬂ{;¢r"4/"L@4{ll{@ o -)@ ot whee n S Loz i

Creneral Term of the Expansion of (a + B)"

The term Ga, _ b is called the general term of the expansion.

Itisthe (k+ 11" term in the expansion {not term &)

tir+l-,,lffgtl”_"'-flﬁ

This formuda e on the foemada sheet
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t ¢ cjfc\fC ¢c
G

-'r-ﬂu:-‘-'f o Find: o) the fifth term of {a + h:l® h=3 b1 the middie 1l:']T|'.| IJ“:'.-:T = 51Q ((, 6 ug <l
f. L ke y\ct o b by by= ol 6 Hodq 4y Ty dste b
'_'_'“*— \ ; sq bz{ C (1303('_,5)
e % Yay az Ja n=_6
(& =7 a‘\ bq K=3 - lo {‘l ) (' IQS') b:-$ :’ 1 Yyerm
h=t = -3Jvoco ¢ sv H s
| d|
Clabedl | peoand(ax-27. S b= n3) . ':‘e‘{ ¢
| (Bx) (‘1)3 ™

L 4w P o) o4 () (2 v
- L)+ B + () El) + um )

nyd - et +3by ~$

+-:T:Im i 3241 "'rU'. M n=10

i -t | Cine term in the expansion of
Determime the numercol valoe of o, MK
it 4 Q o\,‘\&b = % axl 250 X4 & 4 -t - ¢
Tl i} 4 -k " .
%o x‘“(a)" = 3ailasox 3L Lk
2 ¢ bl o+ 338 30k
_'5.‘,;;.‘,"“ o x#
& = 1538 lu= 5
e A
- Find the constunt ferm (ie, the term :n;Il:prndcm of v} m the exjumsion of [.v - —,] ] n=13 1 Yerms
o I:d___ NDWWh\QS S0 !\e?.é‘ X . K=K
\6-K -;5“ -
KK gk 6“%1']"\?""‘

|5K1 .X ‘l .x lss~
[M :JCom\me 156 B9 <

Tld
16:5& 0 _
< X ® 3003 :oad/‘) -'V?
N lé% =b = 30675 072
ATy ) !
K=5

Complete Assignment Choestions #7 - 4135
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Assignment

1. Conzider the expansion of (q + #)",

il What gne the cocfhiciends of the ) How miny lermz are there 1o
Firstand lost terms'? the expanzion

o) What 15 the sum of the exponents i b Whad is the coefficent of the
in each term? third term’?

¢) The term in which position contuins &7

2. What aire the finsd three ferms in the ninth row of Pascal™s Triangle?
3. What are the fast three berms in the zixteenth mow of Pascal’s Trunghe

4. Find the valug of x if the expansicon of;
a) {2+ 31" has 18 werms by (3= 5" has 26 terms,

5. aj Whatisthe sumof ihe terms in the ninth row of Pacal s Tnangle?

h) What is the sum of the coefficiers in the expansion of (a + h)™?

el What iz the sum oDy + ol + o + o+ g5y?

fi. Find the following sums -

LT TV B T, T S IR ST LT bl GG + 965 + 70 + ... + 30

7. Findthe indicated ierm ol cach expansion.

) the fifth term -::’r'l::—h:l'q by the second ferm of {y - 21"
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e the third term of {3+ 20" d) the fourth term of (a® — 2a)7

ih

el the middle bz of ll -

bed | b=
—

Expand and wride i the simplest fonm:

a) (2a+h)y

4, Fmdthe indiguted ferm of each exponsion,

a) thetermina® inil - 202 b thetermin ot in (30— v’

10w Une term in the expansoen of b Cme term in the cxpansion of
ix+aq) is 44805 {r+ 8" is 44558,
Determine the valve of o, a= 0. Determine the value of b,
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11. Find the indicated term of cach expansion.

fi
. - T
il the conszmt ierm in the expansion of {.‘I:' - T]

a
|18
b thie oo mdependent of cin | 20+ —
-
% &

Ly

rical R TS 32+ has 18 terms, then the value of i is

ML
|
13, Theterminx'! in the ex pansion of [.l.z + :J has & mumencal coefficent,

tor the nesrest whole number, of ‘
Answer Key
o w1}

,oan b onm+ | £l ow df ppm ——  wl WS
2. 1,% I8 &, DS 15,1 4, al I7 ajp 7
S5, ml ISA lii 512 ) 512 h, @i I0Z3 i 126
Tooa St b -12% ) 249 zEw' e 220l

5 4 = 4 1
Booan B e 12 bob?a b by oot ahe— < U. o -LTEEY b1 -2R35NT

- EE

Hibamp 4 b -3 Bl 15 i 792 12. 7T 13, 1m
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