Probability Lesson #5:
Probability Problems Involving Conditional Probability

Warm-Up #1 | Review

Recall the following probability formulas:

If the events A, B, are mutually exclusive, then If the events A, B, are NOT mutually exclusive, then
P(AorB)=P(A) + P(B) P(Aor B)=P(A)+ P(B)=P(A and B)
If the events A, B, are independent, then If the events A, B, are dependent, then
P(A and B) = P(A) x P(B) P(Aand B) = P(A) x P(B|A)
. P{Aand B
The formula for dependent events can be written as P(A | B) = %‘))

Warm-Up #2 | Review

One card is drawn at random from a deck of 52 cards. The following events are defined:
A: adiamondisdrawn % B: atenisdrawn X, C: ared cardis drawn }

Express the following probabilities as fractions in simplest form: >
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Class Ex. #1
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Two fair dice are rolled. Calculate the probability that 2 “ones” are rolled given that
at least 1 “one” is rolled.
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456 Probability Lesson #5:  Probability Problems Involving Conditional Probability

ClassEx.#2 || The table shows how the students in a large high Bus | Car |Other
school generally travel to school. B C 0 |Total
a) Complete the totals in the chart. Male, M | 350 | 200 75 a5

b) How many students attended the high school?  pemate. #1300 | 175 | 100 515

|00 Total | 50 | 315 | 1y |10

¢) Ifa student is selected at random, determine the probability that
i) the student is female 1ii) the student travels by bus iii) the student is female and

L;-,s ) (05(7 o travels b\e bus
PLE): o = i MOE w24 P(Fard Q : 300 1
d) Determine the probability that:
i) afemale student travels by pus. ii) astudent who drives Jsima]e]
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e) Are the events “the student is female” and “the student travels by bus”

independent events? Explain. P [F‘w‘ "\Q P (,F\XQ(@ n‘\'
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As part of an experiment into the learning process, a mouse is put into a maze and rewarded
with food every time it turns right. If a mouse turns right, the probability it turns right the
o\ next time is increased by 20%. If a mouse turns left, the probability it turns left the next time
-1l is decreased by 20%. Assuming that there is an equal probability that the first turn will be to
= the left or right, calculate the probability that:

a) the first two turns are both right b) the first two turns are both left
1) -4
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Class Ex. #3
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¢) the first two turns are different d) the first three turns are all left
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Probability Lesson #5: Probability Problems Involving Conditional Probability 457

Using a Probability Tree For Dependent Events

Cheryl is trying to show Jon how to solve problems based on the following information.

“Two machines A, and A, produce all the glass bottles made in a factory. Machine A,

produces 60% of the output. The percentages of broken bottles produced by these
machines are 5% and 8% respectively.”

Cheryl suggests the following strategy.

First:  Introduce symbols to represent the information.
Second: Write the given probabilities in terms of the symbols.
Third: Setup a tree diagram.

a) Complete Jon's work which is started below.
* A, - bottle is from machine A. A, - bottle is from machine A,. B - bottle is broken.

* A4) = .(0 PA,) = ,L[ P( fb[ b )= 005 P( blqz )= 0.08

b) Jon sets up a probability tree diagram with the first branches leading to the machines and
the second set of branches leading to the defective/non-defective items.
Complete the diagram.

P(B|A|)=‘“6 B — P(A;and B) = P(A) P(B|A}) = ((,)(.03)7

P(A) =06

"
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¢) Cheryl asked Jon some questions to see if he understands what he has drawn.

3]

] -co0

i) Which of the final outcomes in the diagram relate to the event “a bottle is broken”.

Biandd | faand b

ii) If a bottle is chosen at mndnm determme the %mbdbl]lt\f that the bottle is broken.

Q = 0(nln) + PI0lA) = 063+0032-0.00

iii) Write a formula for P(B) in terms of conditional probabilities.

()@: P % A(sim) + P) % P(1]p.)
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458 Probability Lesson #5: Probability Problems Involving Conditional Probability

The formula on the previous page can be extended to include any number of machines
Ay Ay, Ag, ete.

In general if a sample space is partitioned into
) : . 3

mutually exclusive outcomes A;, 45, A5 .. .

and if B is any other event then

P(B) = P(A;and B) + P(Ayand B) + P(A;and B) + ...
hence

P(B)=P(A|}P(B|A| }+P(AZ)P(B|A2)+P(A3)P(B|A3)+

This formula is called the formula on total probability and is NOT given on the formula sheet.

Consider the following problem.

Class Ex. #4

£

“ Bag A contains 5 yellow and 5 green marbles. Bag B contains 7 yellow and 3 green
marbles. One of the bags is chosen by selecting one card at random from a deck of cards.

If a heart is selected, then a marble is taken at random from Bag A. If a heart is not
selected, then a marble is taken from Bag B.

What is the probability that the marble is yellow?"”
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AP
|

a) Complete:
P(A) = \l‘_‘ P(B) = 'b,q P(Y |A) = Q/]D:\h P(Y |B) = %D

b) Rewrite the formula on total probability using the symbols in a) and solve the problem.
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¢) Use atree diagram to solve the problem.
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Probability Lesson #5: Probability Problems Involving Conditional Probability 459

Class Ex. #3

Two boxes each contain 6 doughnuts. The first box contains 3 chocolate doughnuts and 3
jelly doughnuts. The second box contains 2 chocolate doughnuts and 4 jelly doughnuts.
One of the boxes is selected at random and a doughnut is removed. It is a jelly doughnut.
A second doughnut is then removed from the same box.

Calculate the probability that it is a jelly doughnut.
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Complete Assignment Questions #1 - #9
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460 Probability Lesson #5: Probability Problems Involving Conditional Probability

Assignment

1. Two cards are drawn with replacement from a deck of cards. Calculate the probability that
two queens are drawn given that at least one queen is drawn,

2. Anoctagonal die numbered 1-8 is rolled twice. What is the probability of rolling only
one 8, given that at least one 8 is rolled?

3. The table shows the distribution of blood types 0 A B AB | Total
for students in the first year at a local college.
a) Complete the totals in the chart. Male, M 210 | 174 | 74 42
b) How many students are in first year at the Female. F | 315 | 261 | 111 63
college?
Total

¢) [If astudent is selected at random, determine the probability, to four decimal places, that
the student;

i) ismale ii) has blood type A iii) is male and has blood type A

d) Are the events “the student is male” and “the student has blood type A”
independent events? Explain.

¢) Determine the probability, to four decimal places, that:
i) afemale student has blood type B ii) afemale student does not have blood type O

iii) astudent with blood type A is male  iv) a student with blood type AB is female.
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Probability Lesson #5:  Probability Problems Involving Conditional Probability 461

4. Packet | contains 8 red balloons and 4 blue balloons. Packet 2 contains 5 red balloons,
3 green balloons and 4 blue balloons. A die is rolled. If the result is a one or a six then
a balloon is chosen at random from packet 1. Otherwise, a balloon is chosen from packet 2.
Calculate the probability that the chosen balloon is
a) blue b) green

5. Ina diagnostic test for a disease, sometimes a positive reaction is obtained, even when the
disease is not present. In the past the test has given a positive reaction to 90% of people
having the disease and to 5% of people who do not have the disease. If 10% of the
population have the disease, calculate the probability that a person chosen at random would
not react positively to the test.
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462 Probability Lesson #5:  Probability Problems Involving Conditional Probability

6. Three machines A, B and C produce respectively 50%,30% and 20% of the items
produced daily by a manufacturing company. The percentages of defective items produced
by the machines are respectively 5%, 2% and 1%. What is the probability that an item
selected at random from the daily output is defective?

7. A golfer is practicing putting. The probability that he holes the first putt is 0.4 . Each time
he holes a putt the probability that he holes the next putt increases by 25%. Each time he
misses a putt the probability that he misses the next putt increases by 20%. Calculate the
probability that:

a) he holes the first two putts b) he misses the first two putts

¢) he holes two of the first three putts
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Probability Lesson #5: Probability Problems Involving Conditional Probability 463

8. A box contains 10 cans of cola and 6 cans of lemonade. A second box contains 8 cans of
cola and 8 cans of lemonade. One of the boxes is chosen at random and a can is selected at
random from that box. The selected can is a can of lemonade. A second can is then
selected from the same box.

Determine the probability that the second can is also lemonade.
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464 Probability Lesson #5:  Probability Problems Involving Conditional Probability

9. A packet of candy contains 10 individually wrapped pieces of candy, each of which is either
orange flavoured or lemon flavoured. One particular packet contains 8 orange and 2 lemon
candies and a second packet contains 7 orange and 3 lemon candies. One of these packets
is chosen at random and a candy is selected at random from that packet. It is lemon
flavoured. A second piece of candy is then selected from the same packet. Calculate the
probability that the second piece of candy is orange flavoured.

Answer Key
I 14

1. — e
25 15

3. by 1250 ¢y i) 04000 ii) 03480 iii) 0.1392
d) independent since P(M and A) = P(M) x P(A)
e} i) 0.1480 ii) 0.5800 iii) 04000 iv) 0L.6000

1
b 5. 0.865 6. 0.033
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